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We consider a magnetic insulator in contact with a normal metal. We derive a self-consistent
Keldysh effective action for the magnon gas that contains the effects of magnon-magnon interactions
and contact with the metal to lowest order. Self-consistent expressions for the dispersion relation,
temperature and chemical potential for magnons are derived. Based on this effective action, we
study instabilities of the magnon gas that arise due to spin-current flowing across the interface
between the normal metal and the magnetic insulator. We find that the stability phase diagram is
modified by an interference between magnon-magnon interactions and interfacial magnon-electron
coupling. These effects persist at low temperatures and for thin magnetic insulators.
I. INTRODUCTION
Understanding the interplay between magnetization
dynamics and spin-currents is a fundamental issue that is
relevant for spintronic devices [1–3]. In particular, there
is a growing interest, both theoretically [4–11] and exper-
imentally [12–18], in magnetic insulators such as Yttrium
Iron Garnet (YIG) in contact with heavy metals like Pt
(YIG|Pt bilayers). In these hybrid systems, magnons and
magnetization dynamics are excited via interfacial spin-
transfer torques [19]. The realization of a Bose-Einstein
condensate (BEC) of magnons through this mechanism
has recently been proposed [20]. Auto-oscillations driven
by the spin Hall effect [21] and thermal spin current
[22, 23] have very recently been observed. Earlier, a con-
densate has been realized at room temperature in YIG
by other means, namely via parametric pumping [25].
This is an example of a non-equilibrium condensate of
quasiparticles [26–30]. Such non-equilibrium BECs have
attracted a great deal of attention and occur in different
physical systems such as excitons [31–33], phonons [34],
polaritons [35] and photons [36]. Specifically, condensa-
tion of magnons has stimulated efforts to control coherent
transport of spin waves at room temperature [37].
In this article, we present a microscopic study of
magnon instabilities (such as Bose-Einstein condensation
and/or swasing [24]) in insulating ferromagnets (F) in-
duced via spin-current injection through the interface
with an adjacent normal metal (M, see Fig. 1). The
interfacial spin-current is generated by the combined ef-
fects of a thermal gradient across the interface [5, 38]
and the spin Hall effect in the normal metal (leading to a
spin accumulation in the normal metal at the interface).
We derive a Keldysh effective action for the magnons in
the ferromagnet up to second-order in the coupling with
the normal metal. Through this approach, self-consistent
∗ r.troncoso@ntnu.no
relations are derived for the thermodynamic variables
and the dispersion relation of magnons. We use this de-
scription to find the stability phase diagram. Besides
introducing a new theoretical framework, this approach
improves the previous treatment [24] by including inter-
ference effects between magnon-magnon interactions and
interfacial magnon-electron coupling. These effects are
finite at low temperature, and may prevent instabilities
if they are very strong.
FIG. 1. Schematic illustration of spin-transfer induced spin-
wave excitations of the insulating magnetic film in contact
with a normal metal (F|M). A spin accumulation ∆µ is in-
duced in the metal via the spin Hall effect. The magnons are
assumed to be in quasi-equilibrium with a chemical potential
µm. In turn, the spin accumulation exerts a torque on the
magnetization in F. A temperature gradient ∆T = Tm − Te,
applied longitudinally also contributes to the net spin-current
flow through the interface.
The remainder of this article is organized as follows.
The following Sec. II introduces our model to describe
the magnon dynamics and its coupling to electrons. In
Sec. III, we proceed to derive the effective action for
the magnons within the functional formulation of the
Schwinger-Keldysh formalism. In Sec. IV, we construct
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2the stability phase diagram. We end in Sec. V by summa-
rizing our results with a brief discussion and conclusion.
In the appendices, we detail various technical steps of the
calculations.
II. MODEL
The system is a ferromagnet in contact with a nor-
mal metal as in Fig. 1. We consider a three-dimensional
system of localized spins in quasi-equilibrium at temper-
ature Tm and magnon chemical potential µm [39, 40].
The normal metal is at temperature Te and has a spin
accumulation ∆µ.
The insulating ferromagnet consists of spins Sx located
at position x, being the F|M interface parallel to the
xy−plane (see Fig. 1). The magnetic system is described
by the spin Hamiltonian
HS = −Jxc
∑
〈x,x′〉
Sˆx · Sˆx′ −
∑
x
B · Sˆx + Kz
2
∑
x
(Sˆzx)
2,
(1)
where Jxc is the exchange coupling between nearest
neighbors as indicated by the notation 〈·, ·〉, Kz is an
easy-plane anisotropy constant and B = Bzˆ is the ex-
ternal magnetic field in units of energy that points in
the z-direction. We consider linearized spin excitations,
magnons, around the z-direction for sufficiently large
fields. These are introduced by the Holstein-Primakoff
transformation [42–44] that quantizes the spins in terms
of bosons, Sˆ+x =
√
2S − bˆ†xbˆxbˆx, Sˆ−x = bˆ†x
√
2S − bˆ†xbˆx
and Sˆz =
(
S − bˆ†xbˆx
)
with S the spin quantum number.
One magnon, created (annihilated) at site x of the lat-
tice by the operator bˆ†x(bˆx), corresponds to changing the
total spin with +~(−~). Expanding up to fourth order
in the magnon operators, the spin Hamiltonian becomes
HS[bˆ, bˆ†] ' H(2)S [bˆ, bˆ†] +H(4)S [bˆ, bˆ†], where terms up to or-
der 1/
√
S are kept. In momentum space the first part of
the Hamiltonian is given by
H(2)S [bˆ, bˆ†] =
∑
q
qbˆ
†
qbˆq. (2)
In the long wavelength limit, the magnon dispersion is
q = Aq
2 + 0, where 0 = B − SKz is the magnon gap,
A = 3SJxca
2 is the spin stiffness and a is the lattice
constant. Furthermore,
H(4)S [bˆ, bˆ†] =
∑
q1,q2,q3,q4
V (2,2)q1,q2,q3,q4 bˆ
†
q1 bˆ
†
q2 bˆq3 bˆq4 . (3)
This part of the Hamiltonian represents magnon-magnon
interactions that result from exchange and anisotropy
that causes the thermalization of magnons in the ferro-
magnet [43]. We approximate the scattering amplitude
by V
(2,2)
q1,q2,q3,q4 =
Kz
2N δq1+q2−q3−q4 , and thus neglect the
contributions from the exchange interactions. This ap-
proximation is valid for magnons with sufficiently long
wavelengths and is for our purposes justified as we are
interested in long wavelength instabilities in the ferro-
magnet.
The electronic degrees of freedom in the metal are de-
scribed by the tight-binding Hamiltonian
He = −t
∑
〈x,x′〉,σ
ψˆ†x,σψˆx′,σ −
∑
x,σ
µσψˆ
†
x,σψˆx,σ, (4)
in terms of second-quantized operators ψˆ†x,σ and its her-
mitian conjugate that create, respectively, annihilate an
electron, and with t the hopping amplitude. We also in-
clude a spin-dependent chemical potential µσ. The latter
results from the spin Hall effect in the normal and defines
a nonzero spin accumulation ∆µ = µ↑ − µ↓.
We assume the magnons and electrons predominantly
interact via an exchange coupling between the spin den-
sity of electrons and localized magnetic moments facing
the F|M interface. The Hamiltonian that couples metal
and insulator is then
He−m = −
∑
x,x′
Jxx′ Sˆx · sˆx′ , (5)
where the coupling strength Jxx′ = Jjj′δr,r′ , depends
on the details of the interface and is assumed to be lo-
cal. The spin-density of electrons at site x is sˆx =∑
σ,σ′ ψˆ
†
x,στσσ′ ψˆx,σ′ , with τ the Pauli matrix vector. Af-
ter the Holstein-Primakoff transformation on the spins
in the insulator, the electron-magnon Hamiltonian is to
quadratic order in the magnon operators
He−m =−
∑
x,x′
Jxx′
[√
2S
(
bˆ†xψˆ
†
x′,↓ψˆx′,↑ + h.c.
)
+
(
S − bˆ†xbˆx
)(
ψˆ†x′,↑ψˆx′,↑ − ψˆ†x′,↓ψˆx′,↓
)]
. (6)
Hence, when an electron flips its spin at the interface
it creates (or annihilates) one magnon in the insulating
ferromagnet [4].
III. NONEQUILIBRIUM THEORY
In this section, we derive an effective action for the
magnon gas using a functional Keldysh approach [46].
We also calculate the self-energy that magnons acquire
by their interaction with the electrons.
A. Self-energy due to electron-magnon coupling
The starting point is the functional integral
Z =
∫
Dφ∗DφDψ∗Dψexp
{
i
~
S[ψ,ψ∗, φ, φ∗]
}
. (7)
3The action is expressed in terms of bosonic fields φx(t),
describing magnons, and fermionic fields ψx,σ(t), describ-
ing electrons
S[ψ,ψ∗, φ, φ∗] =
∫
C∞
dt
{∑
x
φ∗x(t)i~
∂
∂t
φx(t)−HS [φ, φ∗]
+
∫
C∞
dt′
∑
xx′
∑
σσ′
ψ∗x,σ(t)Kxx
′
σσ′(t, t
′)ψx′,σ′(t′)
}
, (8)
where the magnon Hamiltonian is in the continuum limit
given by
HS [φ, φ∗] =
∫
dxφ∗
(
−A∇2 +B − SKz + Kz
2
|φ|2
)
φ,
(9)
and follows directly from evaluating the Hamiltonian in
Eqs. (2) and (3) for the bosonic fields and taking the
continuum limit. The time integration in Eq. (8) is over
the Keldysh contour C∞, whereby the functional integral
in Eq. (7) is over all fields φx(t) and ψx,σ(t) that evolve
forward in time from −∞ to t0, and backwards from t0
to −∞. The kernel in Eq. (8) is defined as
Kxx′σσ′(t, t′) ≡ G−1xx′;σσ′(t, t′)δ(t, t′) + δKxx
′
σσ′(t, t
′), (10)
where G is the free Green’s function for the electrons,
that obeys∑
x′′
[
i~
∂
∂t
δx,x′′ + tx,x′′;σ
]
Gx′′x′;σσ′(t, t
′) = ~δ(t, t′)δσ,σ′δx,x′ ,
with tx,x′;σ = [t (δx,x′+1 + δx,x′−1) + µσδx,x′ ], where the
notations ±1 denotes all nearest neighbours. The inter-
actions between electronic spin and localized magnetic
moments are described by
δKxx′σσ′(t, t′) =
√
2Sδxx′
∑
x′′
Jx′′x′
[
φ∗x′′(t)τ
+
σσ′ + φx′′(t)τ
−
σσ′
+
1√
2S
(S − φ∗x′′(t)φx′′(t)) τzσσ′
]
δ(t, t′), (11)
where τ± = (τx ± iτy) /2. We now integrate out the
electronic degrees of freedom ψx,σ(t) in Eq. (7). The
functional integration can be done exactly since the ac-
tion is a Gaussian integral, see Eq. (8), which lead us to
an effective theory for the magnons in the ferromagnet,
Z =
∫
Dφ∗Dφexp
{
i
~
Sm[φ∗, φ]
}
. (12)
where Sm contains all the electronic information and its
influence on the magnon dynamics. To second order in
the electron-magnon coupling, we obtain for the effective
action
Sm [φ, φ∗] =
∫
C∞
dt
{∑
x
φ∗x(t)i~
∂
∂t
φx(t)−HS [φ, φ∗]
}
− iTr [GδK] + iTr [GδKGδK] /2~ , (13)
where the two last terms correspond to electron-magnon
scattering processes described by the Feynman diagrams
in Fig. 2. These processes dresses the magnons with the
self-energy
~Σst;xx′(t, t′) = 2S
∑
x1x2
Jxx1Jx′x2Π
↑↓
x1x2(t, t
′)
− δx,x′δ(t, t′)
∑
x1
Jx1x′δn¯(x1, t), (14)
where the electron bubble reads Πσσ
′
xx′ (t, t
′) =
− i~Gxx′;σ(t, t′)Gx′x;σ′(t′, t), which contains the in-
formation of the electronic quasi-particles in the metal.
The first term on the right-hand side accounts for the
creation and annihilation of magnons by means of a
spin-flip process, see Fig. 2 (a). The second term corre-
sponds to the effective field produced by the imbalance
of the electronic density at the interface, δn¯ = n¯↑ − n¯↓,
where n¯σ = nσ − S
∑
x2,x3
∫
C dt
′Jx3x2Π
σσ
x1x2(t, t
′)τzσσ, see
Fig. 2 (b).
x1,t k
x1,t x2,t’
k
k+p
(a)
(b)
FIG. 2. Feynman diagrams contributing to the magnon dy-
namics due magnon-electron interactions at the F|M interface.
(a) Electron bubble diagram representing the annihilation and
creation of magnons via spin-flip processes. (b) Diagram for
the enhanced spin polarization. The momentum carried by
the magnon is denoted by p.
Before we proceed to derive an effective action for the
long-wavelength dynamics, we first make some simplify-
ing assumptions. First, we assume that the ferromagnetic
film is very thin so that spin-waves only propagate paral-
lel to the interface. After a Fourier transform the action
simplifies to
Sem [φ, φ∗] =
∫
C∞
dt
∫
dq
(2pi)2
(
φ∗q(t)i~
∂
∂t
φq(t)−HS [φ, φ∗]
−
∫
C∞
dt′φ∗q(t)~Σst;q(t, t′)φq(t′)
)
, (15)
where q is the in-plane wavevector, i.e., along the inter-
face (see Fig. 1). The self-energy is written in momentum
space, where ~Σst;q =
∑
k⊥ ~Σst;k, with the latter sum-
mation over all electronic wavevectors perpendicular to
the interface.
4=
= +
+
 Σ 
= +
in 
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FIG. 3. (a) Feynman diagram for the dressed Green’s function
of magnons by the self-energy Eq. (14), due to the coupling
with the normal metal. (b) Diagrammatic representation for
the interacting self-energy and (c) the T-matrix ladder ap-
proximation, where the wiggly lines denotes the contact in-
teraction Kz. Note that the self-energy and T-matrix are
determined by the dressed and free propagators, respectively.
Second, we assume that the coupling occurs at the inter-
face only, so that Jxx′ = Jδjj′δr,r′ . Then the retarded
component of this self-energy, which we need later on, is
(see Appendix A)
~Σ(±)st;xx′(t, t
′) = 2S
∑
x1x2
Jxx1Jx′x2Π
↑↓,(±)
x1x2 (t, t
′), (16)
where the Fourier transform of the electron bubble, in
energy and momentum space, is
Π↑↓,(±)(k, ) =
1
2
N(0)a3
[
1
3
(
k
2kF
)2
− 1
]
− N(0)a
3∆µ
162F
×
[(
2kF
k
)2
+ 1
]
± ipiN(0)a
3kF
8F |k| (∆µ− )
×Θ
[
1−
( |k|
2kF
)2]
, (17)
with N(0) the electronic density of states at the Fermi
level, and kF and F the Fermi wave number and energy,
respectively.
B. Effective action
We are interested in real-time dynamics of the magnon
gas, thus we expect the effective action to depend only on
the retarded part of ~Σst;q. Moreover, since the magnon-
magnon interactions resulting from the anisotropy are
short-ranged, we can use the so-called ladder approxi-
mation. We project, in Eq. (15), the fields onto the
real-time axis by the substitution φ± = ψ ± ξ/2, with
ψ the classical field and where ± refer to the upper and
lower branch of the Keldysh contour. The field ξ denote
the quantum fluctuations which by the current purpose
are disregarded. Details of this calculation are outlined
in Appendix B. Following Ref. [46], we ultimately find a
one-particle-irreducible long-wavelength effective action
for the classical field ψ that is given by
Seff [ψ,ψ∗] =
∫
dt
∫
dq
(2pi)2
ψ∗(q, t)
(
i~
∂
∂t
− ′ (q) + µm
−a2Kznth − Kz
2
|ψ(q, t)|2
)
ψ(q, t). (18)
The single-particle dispersion relation of magnons
is renormalized by the magnon-magnon interactions
and the coupling with electrons, and obeying the self-
consistent relation
′ (q) =  (q) + Re
[
~Σ(+)(q; ′(q)− µm)
]
. (19)
Here, ~Σ = ~Σst + ~Σin, is the sum of contribu-
tions due to the coupling with electrons and magnon-
magnon interactions, and µm the chemical potential
of magnons. Moreover, we have included in the
action Eq. (18) a mean-field interaction with the
thermal cloud of magnons, whose density is nth =
ζ (3/2) dF (kBTm/4piA)
3/2
, with dF the thickness of fer-
romagnet. The self-energy ~Σin due to interactions is
diagrammatically shown in Fig. 3. The real part of ~Σin
— which we need later on — reads
Re
[
~Σ(+)in (0, 0 − µm))
]
= −a2Kz
∫
dq′
(2pi)2
∫
d′
(2pi)
NB(βe(
′ −∆µ))
Im
[
~Σ(+)st (q′, ′)
]
(′ − (q′) + µm)2
−a
2K2z
4A
∫
dq′
(2pi)2
∫
dq′′
(2pi)2
NB(βm((q
′)− µm))NB(βm((q′′)− µm)) P
q′ · q′′ , (20)
with the first term on the right-hand side representing the interference between magnons and electrons. This can
5be seen in Fig. 3(a) and (b) where magnons, and thus
their interactionss, are dressed by their coupling with
electrons. Second term corresponds to the usual shift of
the energy due to the two-particle interaction. To obtain
Eq. (20) it has been assumed that the momentum ~q is
much smaller than the thermal momenta ~/Λth [46], with
Λth =
√
4piA/kBTm the thermal de Broglie wavelength
for the magnons. In the above, NB(x) = [e
x−1]−1 is the
Bose distribution function, βe = 1/kBTe is the inverse
thermal energy of the electrons, and βm = 1/kBTm that
of the magnons.
When the energy of the single-particle state ′ (q→ 0)
becomes less than µm−a2Kznth, the magnon system be-
comes unstable. This signals the formation of a magnon
Bose-Einstein condensate, a precessional instability, or
magnetization reversal. The criterion for such an insta-
bility is thus
′ (q→ 0) + a2Kznth − µm < 0. (21)
Based on this condition, a phase diagram is determined
in the next section. It is worth to comment that Eq.
(21) involve self-consistent physical quantities such as
the magnon energy, Eq. (19), magnon temperature
and chemical potential. Unlike previous works [20, 24],
all these quantities can be evaluated self-consistently at
leading order in the interfacial coupling J with the elec-
trons as we outline below.
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FIG. 4. Chemical potential (top panel) and temperature of
magnons (bottom panel) in the steady-state as a function of
spin accumulation. The plots are displayed for different values
of the temperature of the electrons.
Before proceeding to evaluate Eq. (21), however, we
need to determine the magnon chemical potential and
temperature for a given electron spin accumulation and
temperature. This is done through the Boltzmann equa-
tion for magnons with the metallic coupling acting as a
electronic reservoir that transfers spin and energy. De-
tails of this calculation are outlined in Appendix C. A
Gilbert damping constant α, parameterizing the coupling
with phonons, is phenomenologically added. Finally, a
steady state is required in the kinetic equations for the
total density of magnons and total energy. In this limit,
we find relations at thermodynamic equilibrium for the
magnon temperature Tm and chemical potential µm in
terms of the temperature Te and spin accumulation ∆µ
of the electrons. These read
(1 + χ)Li2(z) +
0(χ− µ¯)−∆µ
kBTm
Li1(z) =
ζ¯0Te
kBT 2m
, (22)
1 + χ
2
Li3(z) +
0(2χ− µ¯)−∆µ
kBTm
Li2(z)
+
0 [0(χ+ µ¯)−∆µ]
k2BT
2
m
Li1(z) =
ζ¯220Te
6k2BT
3
m
,(23)
where we used the PolyLogarithm function Lis(z) =
1
Γ(s)
∫∞
0
dy y
s−1
eyz−1−1 , with Γ(s) the gamma function and
z = e(µm−0)/kBTm . Eqs. (22) and (23), are solved for
the quantities µm = µm (∆µ, Te) and Tm = Tm (∆µ, Te),
with the following dimensionless parameters µ¯ = (µm −
0)/0, χ =
8αF
kFSJ2N(0)a4
and ζ¯ = 8Ak2F /0, under consid-
eration.
The steady-state result for µm and Tm is shown in
Fig. 4 as a function of spin accumulation and various
temperatures Te. These plots were determined for typical
values of physical parameters, namely 0 ≈ 50 µeV, S =
1 and α = 10−5. Through the standard value for the
spin-mixing conductance in the YIG|Pt interface, g↑↓ =
1014cm−2 [12, 47], we estimate the interfacial exchange
coupling to be J ≈ 50meV [47].
IV. CONDENSED AND NORMAL PHASES OF
THE MAGNON GAS
In order to obtain results, we first rewrite the instabil-
ity criterion in Eq. (21) to
′ (q→ 0) + a2Kznth − µm
(JN(0)a3)kBTe
≡ F [δµ, η; e0, e1, e2] < 0,
(24)
where the effective chemical potential and the ratio be-
tween magnons and electrons temperature, have been de-
fined as δµ = (∆µ+ µm − 0) /kBTe and η = Tm/Te,
respectively. It should be noted that to get Eq. (24),
we have used the strictly increasing and positive prop-
erty of the first term on the right-hand side of Eq. (20)
as a function of ∆µ. Moreover, the dimensionless func-
tion F introduced above is given by F [δµ, η; e0, e1, e2] =
6e0 + e1η
3/2− e2δµNB(−δµ)− δµ, with the dimensionless
parameters obeying
e0 =
0 − µm
kBTe
(
1
JN(0)a3
− 1
)
+
2JS
kBTe
− K
2
z
4aAkBTeJN(0)
∫
dq′
(2pi)2
∫
dq′′
(2pi)2
NB(βm ((q
′)− µm))
×NB(βm ((q′′)− µm)) P
q′ · q′′ , (25)
e1 =
[
ζ(3/2)
(4pi)3/2
](
kBTe
A
)1/2
KzdF
AJN(0)a
, (26)
e2 =
a3kFKzJS
20F
∫
dq′
(2pi)2
P
ln
[
1+
√
1−(q′/2kF )2
q′/2kF
]
(1− (q′)/0)2
. (27)
These parameters show the effect from interfacial cou-
pling, magnon-magnon interactions and thermal cloud
on the magnon gap. Note that e2 is proportional to
the magnon-magnon interaction Kz and the magnon-
electron coupling J , thus representing the interference
between magnons and electrons. In fact, the two-
particle interaction occurs between magnons that are
dressed by their coupling with electrons. Taking 0 ∼
Kz and the critical temperature of the ferromagnet
Tc ∼ A/a2kB  Te we estimate the dimensionless
parameters as e0 ∼
[
1−
(
Kz
A/a2S
)](
Kz
kBTe
) (
F
J
)
, e1 ∼(
Te
Tc
)1/2 (
Kz
kBTc
) (
F
J
) (
dF
a
)
and e2 ∼
(
J
F
)
. For typical
numbers we expect e2  1, e0 = O (1), but that e1 can
be rather large.
The phase diagram is shown in Fig. 5 as a function
of the effective chemical potential δµ and thermal imbal-
ance η, respectively. It consists of a stable and unstable
magnon phase, separated by the line F [δµ, η; e0, e1, e2] =
0, for different values of e2 (panel (a)) and e1 (panel (b)).
It is worthwhile to note that in the limit e2  1 the cri-
terion for instability reduces to that for a Bose-Einstein
condensation in a Bose gas in the Popov approximation,
for with the critical temperature is ∝ (δµ− 0)2/3. On
the other hand, the unstable region diminishes as we in-
crease both parameters e1 and e2. In particular, when
e2 > 1 the unstable region is suppressed. This can be
further analyzed by taking the limit η → 0 in Eq. (24),
where we see that F → e0 + (e2 − 1)δµ, for large δµ.
Clearly, when e2 > 1 the magnon gas never shows an
instability if e0 > 0. The term proportional to e2 stems
from combined effects of magnon-electron coupling and
magnon-magnon interactions. We thus find that if these
combined effects are sufficiently strong, an instability
does not occur. While our perturbative approach is not
valid in this regime, it still hints at interesting strong-
coupling effects. Finally, we remark that at zero spin
accumulation, e0 and e2 reflect the shift in the energy of
single-particle ground state due to the electron-magnon
coupling.
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FIG. 5. Phase diagram for the stability of a driven magnon
system as a function of the thermal imbalance η and effective
chemical potential δµ in units of the thermal energy kBTe.
Each curve delimits both phases, being the right-hand side
of the graph where the condition Eq. (21) is fulfilled and
thus, corresponding to the unstable phase of magnons. In
panel (a) we have e0 = 0.1, e1 = 0.5 and e2 = 0.1, 0.5, 0.7
and 0.9. Meanwhile, in panel (b) e0 = 0.1, e2 = 0.1 and
e1 = 0.1, 0.3, 0.5, 0.7 and 0.9.
V. DISCUSSION AND CONCLUSIONS
In this article, we have presented a formalism to mi-
croscopically investigate how spin currents across an in-
terface between a normal metal and a magnetic insula-
tor lead to instabilities in the magnetic insulator. Our
7study has been based on a minimal microscopic model
for the electrons, magnons in the magnetic insulator, and
their coupling. While a direct connection between our re-
sults and experiments might be hard to establish, we do
find that strong electron-magnon coupling and magnon-
magnon interactions may prevent instabilities from oc-
curring. This finding may be of relevance once interfa-
cial electron-magnon interactions are being experimen-
tally explored beyond the YIG-Pt paradigm.
Here, we have investigated electron-magnon and
magnon-magnon interactions perturbatively. Future
work should address the effects of strong interactions also
by other means, i.e., by using the renormalization group.
Another interesting direction is extending our theory be-
yond the linear stability analysis performed here to in-
clude the description of the dynamics in the unstable
region of the phase diagram.
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Appendix A: Magnon self energy due to coupling
with electrons
In this appendix, we evaluate the self energy of the
magnons due to their coupling with electrons. We start
out with some general remarks for functions on the
Keldysh contour.
A function F (t, t′), whose arguments are defined on the
Keldysh contour, can be decomposed into analytic parts
by means of
F (t, t′) = F δ(t)δ(t, t′) + Θ (t, t′)F>(t, t′) + Θ (t′, t)F<(t, t′),
(A1)
with Θ (t, t′) the Heaviside step function on the Keldysh
contour and F δ(t) represents a possible δ-singularity.
The retarded and advanced components of F (t, t′) are
related to the analytic parts by
F (±)(t, t′) = ±Θ (±(t, t′)) (F>(t, t′)− F<(t, t′)) , (A2)
where Θ (±(t, t′)) ≡ Θ (±(t− t′)). We also have the
Keldysh component
FK(t, t′) = F>(t, t′) + F<(t, t′) (A3)
that typically is associated to the strength of fluctuations.
Applying the above definitions to Eq. (14), we see that
the Fourier transform of the retarded (advanced) electron
bubble is
Πσσ
′ ,(±)(k, ) =
∫
d′
(2pi~)
∫
d′′
(2pi~)
∑
k′′
Ak+k′′(
′)Ak′′(′′)
× NF (
′ − µσ)−NF (′′ − µσ′)
′ − ′′ − ±
(A4)
where Ak() denotes the spectral function (being k a
three-dimensional wavevector), NF () = [e
βe + 1]−1 the
Fermi distribution function, and µσ the chemical poten-
tial of electrons with spin projection σ. Ignoring elec-
tronic lifetime effects, we use Ak() = 2pi~δ (− k) and
approximate up to first order in spin accumulation. We
then find that in the long-wavelength and small frequency
limit the retarded (advanced) and Keldysh components
of electron bubble at low temperatures read
Π↑↓,(±)(k, ) =
1
2
N(0)a3
[
1
3
(
k
2kF
)2
− 1
]
− N(0)a
3∆µ
162F
×
[(
2kF
k
)2
+ 1
]
± ipiN(0)a
3kF
8F |k| (∆µ− )
×Θ
[
1−
( |k|
2kF
)2]
(A5)
and
Π↑↓,K(k, ) = − ipiN(0)a
3mkBTe
~2kF |k| Θ
[
1−
( |k|
2kF
)2]
,
(A6)
with a the lattice constant, m the mass of electrons and
N(0) = mkF /pi
2~2 the electronic density of states at
the Fermi level. The imaginary part of the self-energy
Eq. (14) represents the rate of change of the number of
magnons. From Eq. (17), we see that the evolution of
the number of magnons corresponds to the competition
between the spin transfer (∝ ∆µ ≡ µ↑ − µ↓) and spin
pumping mechanisms (∝ ). In principle, the magnon-
electron coupling matrix element can be determined in
terms of the mixing conductance, but this identification
will not be pursued here [4].
Appendix B: Ladder approximation
In section III A, we derived an action for the gas of
magnons, which are excited by the combined effects of
a thermal gradient and the spin-transfer torque across
the F|M interface. Here, we discuss more details of this
derivation.
We introduce the order parameter 〈φq(t)〉, that char-
acterizes the instability. This is accomplished by per-
forming a Legendre transformation [45] on the magnon
field variables that ultimately leads to an effective action
8for ψq(t) ≡ 〈φq(t)〉. With this aim we start out by in-
troducing the generating functional for Keldysh Green’s
functions, following Ref. [46], as
Z[J, J∗] =
∫
D[φ∗]D[φ] exp
{
i
~
Sm[φ, φ∗] + i (Jαφα + c.c.)
}
(B1)
where Jα and J
α are sources that are defined on the
Keldysh contour and summation over repeated indices
means an integration over space and time coordinates.
Then the Legendre transformation,
Γ[ψ,ψ∗] ≡ ψαJα + Jαψα −W [J, J∗] (B2)
where W [J, J∗] = −i logZ[J, J∗] is the generating func-
tional for connected Green’s functions, which can be eval-
uated in terms of a perturbation series. The order pa-
rameter is then ψα ≡ δW/δJα = 〈φα〉. The functional
−~Γ[φ, φ∗], that generates all one-particle irreducible di-
agrams, corresponds to the effective action. We now do
perturbation theory in the interaction to evaluate the ef-
fective action in terms of the coefficients Γ(2n) (up to
n = 2) of the term that is of order n in the fields. Those
coefficients in momentum space correspond to
~Γ(2)(q; t, t′) =−
[(
i~
∂
∂t
−  (q) + µm
)
δ(t, t′)
−~Σst(q; t, t′)] + ~Σin(q; t, t′),
(B3)
~Γ(4) (q,q′,Q; t, t′) =T (q,q′,Q; t, t′) + T (−q,q′,Q; t, t′)
(B4)
where the interacting self-energy ~Σin was introduced
by the Dyson equation for the magnon Green’s function
G = G0 + G0~ΣinG, with G0 the dressed magnon propa-
gator due to the contact with the normal metal, see Fig.
3(a), according to Eq. (14). The two-body interaction
is evaluated within the T-matrix (or ladder) approxima-
tion [46], diagrammatically indicated in Fig. 3(c), which
describes the scattering of two magnons that at time t′
have the momenta ~(Q±q′) and at time t the momenta
~(Q ± q). The exact interacting self-energy obeys the
relation
~Σin(q; t, t′) = i
∫
dq′
(2pi)2
~Γ(4)(q− q′,q− q′,q+ q′; t, t′)
× G(q′; t′, t).
(B5)
In Fourier space the expression for the retarded compo-
nent of the interacting self-energy Eq. (B5) take the form
~Σ(+)in (q; ) = i
∫
dq′
(2pi)2
∫
d′
(2pi)
Γ
(+)
4 (q− q′,q− q′,q+ q′; + ′)G(+)(q′; ′)~Σ<st(q′; ′)G(−)(q′; ′)
+ i
∫
dq′
(2pi)2
∫
d′
(2pi)
Γ<4 (q− q′,q− q′,q+ q′; + ′)G(−)(q′; ′). (B6)
The evaluation of Eq. (B6) is carried out by expanding
up to second order in the coupling with the leads. In this
approach the various components of the Green’s function
for magnons are approximated by
G(±) =G(±)0 + G(±)0 ~Σ(±)st G(±)0 + . . . (B7)
G< =G(+)~Σ<stG(−) = G(+)0 ~Σ<stG(−)0 + . . . (B8)
as can be seen in Fig. 3(b). On the other hand, the
magnon-magnon interactions will be approximated by a
contact interaction, and therefore T(±)(q,q′,Q; ) ≈ Kz2 .
After some manipulations [46], we arrive at the semiclas-
sical effective action Eq. (18), describing the low-energy
dynamics of the interacting magnons.
Appendix C: Self-consistent relations: chemical
potentials and temperatures
In this section we compute the chemical potential and
temperature of magnons assuming that magnons are suf-
ficiently close to equilibrium.
The total spin-current flowing across the interface is
quantified by the rate of change of magnons in the ferro-
magnet, that may be obtained following standard meth-
ods described in Ref. [46]. It consists of analyzing the
stochastic dynamics of magnons due to the coupling with
the metal, that ultimately turns out in a Boltzmann
equation. For this purpose we split the magnon field, in
Eq. (15), into semiclassical and fluctuating parts accord-
ing to φq(t±) = ϕq(t) ± ξq(t)/2, where t± refers to the
forward and backward branches of the Keldysh contour,
respectively and ξq(t) the fluctuations. After integrating
9out the fluctuations ξq(t) in the action, Eq. (15), we find
that the field ϕq(t) obeys the Langevin equations
i~
∂
∂t
ϕq(t) = ((q)− µm)ϕq(t)
+
∫
dt′~Σ(+)st (q; t, t′)ϕq(t′) + ηq(t)
(C1)
and
−i~ ∂
∂t
ϕ∗q(t) =((q)− µm)ϕ∗q(t)
+
∫
dt′ϕ∗q(t
′)~Σ(−)st (q; t, t′) + η∗q(t)
(C2)
with the Gaussian stochastic noise ηq(t) and η
∗
q(t) is zero
on average and has the correlations
〈ηq(t)η∗q(t′)〉 =
i~
2
~ΣKst (q; t− t′) . (C3)
In the low-energy approximation we see that the strength
of the noise is evaluated directly from the combination
of Eq. (14) and Eq. (A6). This relation between noise
and damping stems from the fluctuation-dissipation the-
orem [48] and ensures us that the magnon gas relaxes to
thermal equilibrium.
Note that to obtain Eq. (C1) and (C2), as a
first step, we have not taken into account the in-
teraction between magnons. However, the collision
terms will be included next in the Boltzmann equation.
We take into account the leading low-energy contribu-
tion of the self-energy, i.e.
∫
dt′~Σ(+)st (q; t, t′)ϕq(t′) '[
~Σ(+)st (q, 0) + ~Σ(+)′st(q, 0)i~ ∂∂t
]
ϕq(t). Finally, the rate
equation for the magnons due to the coupling at the in-
terface with the electron reservoir is written explicitly
as
i~
(
∂n(q, t)
∂t
)∣∣∣∣
st
= 2iIm
[
~Σ(+)′st(q, 0)
]
(q − µm)n(q, t) + 2iIm
[
~Σ(+)st (q, 0)
]
n(q, t)− 1
2
~ΣKst (q, 0) (C4)
with n(q, t) = 〈φ∗qφq〉 and 〈. . . 〉 stand for averaging over
noise realization. Therefore, the full dynamics for the
distribution of magnons in the ferromagnet is determined
by the Boltzmann equation
∂n(q, t)
∂t
= −2αωqn(q, t) +
(
∂n(q, t)
∂t
)∣∣∣∣
st
(C5)
with α the Gilbert damping contant and where the col-
lisions terms has been considered. Taking moments of
Eq. (C5) we obtain a closed set of equations for the total
number of magnons and energy. In equilibrium, there
will be neither spin flow nor energy transfer through the
interface. This is implemented by requiring ∂n(t)/∂t ≡
∂
∂t
∑
q n(q, t) = 0 and ∂(t)/∂t ≡ ∂∂t
∑
q qn(q, t) = 0,
that turn out in the pair of Eqs. (22) and (23).
[1] A. Brataas, A. D. Kent and H. Ohno, Nat. Mat. 11, 372
(2012).
[2] S. A. Wolf, D. D. Awschalom, R. A. Buhrman, J. M.
Daughton, S. von Molnr, M. L. Roukes, A. Y. Chtchelka-
nova, and D. M. Treger, Science 294, 1488 (2001).
[3] S. Takahashi and S. Maekawa, Sci. Technol. Adv. Mater.
9, 014105 (2008); I. Zutic, J. Fabian and S. Das Sarma,
Rev. Mod. Phys. 76, 323 (2004).
[4] Y. Tserkovnyak et al. Phys. Rev. Lett. 88 117601 (2002),
Rev. Mod. Phys. 77, 1375 (2005).
[5] J. Xiao, G. E. W. Bauer, K.C. Uchida, E. Saitoh, and S.
Maekawa, Phys. Rev. B 81, 214418 (2010).
[6] J. Xingtao, L. Kai, K. Xia, and G. E. W. Bauer, EPL
96, 17005 (2011).
[7] J. Xiao and G. E. W. Bauer, Phys. Rev. Lett. 108,
217204 (2012).
[8] Y. T. Chen, S. Takahashi, H. Nakayama, M. Althammer,
S. T. B. Goennenwein, E. Saitoh, and G. E. W. Bauer,
Phys. Rev. B 87, 144411 (2013).
[9] A. Kapelrud and A. Brataas, Phys. Rev. Lett. 111,
097602 (2013).
[10] Y. Zhou, H. J. Jiao, Y. T. Chen, G. E. W. Bauer and J.
Xiao, Phys. Rev. B 88, 184403 (2013).
[11] S. S. L. Zhang and S. Zhang Phys. Rev. B 86, 214424
(2012).
[12] Y. Kajiwara, K. Harii, S. Takahashi, J. Ohe, K. Uchida,
M. Mizuguchi, H. Umezawa, H. Kawai, K. Ando, K.
Takanashi, S. Maekawa, and E. Saito, Nature 464, 7269
(2010).
[13] C. W. Sandweg, Y. Kajiwara, K. Ando, E. Saitoh, and
B. Hillebrands, Appl. Phys. Lett. 97, 252504 (2010).
[14] W. Sandweg, Y. Kajiwara, A. V. Chumak, A. A. Serga,
V. I. Vasyuchka, M. B. Jungeisch, E. Saitoh, and B. Hille-
brands, Phys. Rev. Lett. 106, 216601 (2011).
10
[15] Z. Wang, Y. Sun, M. Wu, V. Tiberkevich, and A. Slavin,
Phys. Rev. Lett. 107, 146602 (2011).
[16] S. M. Rezende, R. L. Rodriguez-Suarez, M. M. Soares,
L. H. Vilela-Leao, D. Ley Dominguez, and A. Azevedo,
Appl. Phys. Lett. 102, 012402 (2012).
[17] H. Nakayama, M. Althammer, Y. T. Chen, K. Uchida, Y.
Kajiwara, D. Kikuchi, T. Ohtani, S. Geprags, M. Opel,
S.Takahashi, R. Gross, G.E. W. Bauer, S. T. B. Goennen-
wein and E. Saitoh, Phys. Rev. Lett. 110 206601 (2013).
[18] Z. Qiu, K. Ando, K. Uchida, Y. Kajiwara, R. Takahashi,
H. Nakayama, T. An, Y. Fujikawa and E. Saitoh, Appl.
Phys. Lett. 103, 092404 (2013).
[19] L. Berger, Phys. Rev. B 54, 9353 (1996); J. Slonczewski,
J. Magn. Magn. Mater. 159, L1 (1996).
[20] S. A. Bender, R. A. Duine and Y. Tserkovnyak, Phys.
Rev. Lett. 108, 246601 (2012).
[21] A. Hamadeh, O. d’Allivy Kelly, C. Hahn, H. Meley,
R. Bernard, A.H. Molpeceres, V.V. Naletov, M. Viret,
A. Anane, V. Cros, S.O. Demokritov, J.L. Prieto, M.
Mun˜oz, G. de Loubens, and O. Klein Phys. Rev. Lett.
113, 197203 (2014).
[22] Chris Safranski, Igor Barsukov, Han Kyu Lee, Tobias
Schneider, Alejandro Jara, Andrew Smith, Houchen
Chang, Kilian Lenz, Juergen Lindner, Yaroslav
Tserkovnyak, Mingzhong Wu, Ilya Krivorotov, Nature
Communications 8, 117 (2017).
[23] V. Lauer, M. Schneider, T. Meyer, C. Dubs, P. Pirro, T.
Brcher, F. Heussner, B. Lagel, V. I. Vasyuchka, A. A.
Serga, B. Hillebrands, A. V. Chumak, arXiv:1612.07305
[cond-mat.mes-hall].
[24] Scott A. Bender, Rembert A. Duine, Arne Brataas, and
Yaroslav Tserkovnyak, Phys. Rev. B 90, 094409 (2014).
[25] S. O. Demokritov et al. Nature (London) 443, 403 (2006).
[26] S. M. Rezende, Phys. Rev. B 79, 060410(R) (2009), S.
M. Rezende, Phys. Rev. B 79, 174411 (2009).
[27] A I. Bugrij and B. N. Loktev, Low Temp. Phys. 33,
37 (2007); Low Temp. Phys. 34, 992 (2008);Low Temp.
Phys. 35, 770 (2009).
[28] R. E. Troncoso and A.S. Nu´n˜ez, J. Phys.: Condens. Mat-
ter 24 036006 (2012).
[29] F. Li, et al. Sci. Rep. 3, 1372 (2013).
[30] R. E. Troncoso and A.S. Nu´n˜ez, Annals of Physics 346
182 (2014).
[31] Eisenstein, J. P. and MacDonald, A. H. Nature 432, 691
(2004).
[32] L. V. Butov, J. Phys. Condens. Matter 16, R1577 (2004).
[33] T. Fukuzawa, T., et al. Phys. Rev. Lett.64, 3066 (1990).
[34] O. Misochko et al. Phys. Lett. A 321, 381(2004).
[35] Kasprzak, J. et al. Nature 443, 409 (2006).
[36] J. Klaers, J. Schmitt, F. Vewinger and M. Weitz, Nature
468, 545 (2010).
[37] V. V. Kruglyak, et al. J. Phys. D Appl. Phys. 43 (2010)
264001.
[38] S. Maekawa et al., Spin Current,Oxford University Press,
2012.
[39] Ludo J. Cornelissen, Kevin J.H. Peters, Rembert A.
Duine, Gerrit E.W. Bauer, Bart J. van Wees, Phys. Rev.
B 94, 014412 (2016).
[40] Chunhui Du, Toeno Van der Sar, Tony X. Zhou, Pramey
Upadhyaya, Francesco Casola, Huiliang Zhang, Mehmet
C. Onbasli, Caroline A. Ross, Ronald L. Walsworth,
Yaroslav Tserkovnyak, Amir Yacoby, Science 357, 195
(2017).
[41] B. A. Kalinikos and A. N. Slavin, J. Phys. C 19, 7013
(1986).
[42] T. Holstein and H. Primakoff, Phys. Rev. B 58, 1098
(1940).
[43] A. I. Akhiezer and S.V. Peletminskii, Spin Waves (North-
Holand, 1968).
[44] A. Auerbach, Interacting electrons and quantum mag-
netism, Springer-Verlag, New York, 1994.
[45] Daniel J. Amit, Field Theory; The Renormalization
Group and Critical Phenomena, World Scientific Pub-
lishing Company; Third Edition (June 30, 2005).
[46] H.T.C. Stoof, Journal of Low Temperature Physics 114
0022 (1999).
[47] B. Heinrich, C. Burrowes, E. Montoya, B. Kardasz, E.
Girt, Y.-Y. Song, Y. Sun, and M. Wu, Phys. Rev. Lett.,
107, 066604 (2013).
[48] L.P. Kadanoff and G. Baym, Quantum Statistical Me-
chanics: Green’s Function Methods in Equilibrium and
Nonequilibrium Problems Addison-Wesley, New York,
1962.
[49] J. W. Negele and H. Orland, Quantum Many-Particle
Systems, Westview Press, Colorado, 1998.
